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Addressing high-dimensional problems is a central challenge in modern
statistics.
o Statisticians have developed lots of tools:

o Shrinkage: L; penalty.

o Selection for sparse models: L; penalty.
o Usually, we that the underlying signal is , and advanced
methods are designed to recover such signals effectively.

o However, a less frequently explored question arises:

?
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Motivation: lllusion of Sparsity

o Giannone, Lenza, and Primiceri (2021) propose a Bayesian sparse model
that parametrizes the level of sparsity.
o They examine various types of economic data, including:

o Macro: Monthly growth rate of U.S. industrial production / GDP.
o Finance: S&P 500 equity premium / stock returns of U.S. firms.
o Micro: Crime rate per capita / the number of pro-plaintiff eminent domain

decisions.

o Their findings show that the posterior distribution typically

concentrate on a single sparse model.
@ This phenomenon highlights an in economic data.

@ They did not emphasize factors.
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Evidence from Asset Pricing

The

asset pricing literature provides some evidence

Kozak, Nagel, and Santosh (2020) demonstrate that a
characteristics-sparse stochastic discount factor (SDF) cannot explain the
cross-section of returns.

Kozak and Nagel (2023) show that factors derived from characteristics

through sorting, characteristic weighting, or OLS cross-sectional regression

slopes span the stochastic discount factor (SDF)

Shen and Xiu (2024) prove that when signals are weak, ridge regression

outperforms Lasso for prediction.

o Equivalently, the predictive model might not be sparse.
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Research Questions

We investigate sparsity within the framework of the Characteristics-based

Factor Model:

o Kelly, Pruitt, and Su (2019) introduce as
instruments for loadings on by Instrumented Principal
Component Analysis (IPCA).

o We examine whether the results exhibit sparsity in the context of latent

factor models.
Our Contribution:

o Econometric Solution:

We propose a novel latent conditional factor model.
o Focus of Analysis:

We study the level of firm when estimating a

conditional model.
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Core Notation: g

Spike-and-slab prior (Mitchell and Beauchamp, 1988; George and McCulloch,

1993), a Bayesian variable selection prior.

P(3#0) =
P(3=0) =1-P(B#£0)=1-¢

N (0,9%) with prob g The regressor is

0 with prob 1 — g The regressor is not chosen.
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Key Current Results

o Under different prior means of q, i.e., p(8; # 0), and 4 latent factors, the
in-sample posterior mean of q is in the range , i.e., we choose
characteristics and their interaction with latent factors in the

model.

o Preliminary results. More yet to come.
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The Full Model

fie = p(zie—1) + B(zie—1)fe +€ie
w(zie—1) = po + pazie—1

(1)
where

B(zit—1) =Bo+ Pi(lk ®zi 1), €ir~N (0701'2)

@ ri ¢ return of asset / at time t

o f:: K latent factors

@ zj;_1: vector, L firm characteristics for asset / at time t — 1
Plugging the dynamics of p and 3 into Model (1):
it = po + p1zie—1 + Bofe + Bui[fe @ zir—1] + €.

(2)
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Sparse BayesIPCA Model

iy = po + p1zie—1 + Bofe + Bi[fe @ zit—1] + €.

o We assume priors on the regression coefficient

Giannone, Lenza, and Primiceri (2021).

i | NV (0,7%) with prob q
o, B @79 7* ~1G(A/2,B/2)
0 with prob 1 — g,

/1'07/60 :Ig N (0762) ) §2 ~ IG(C/27 D/2)

where py = [y, /li<i<e and Br = [Brili<i<ri<k<k.

8 /20



Model comparison via marginal likelihood

o Follow the framework of Barillas and Shanken (2018), Chib, Zeng, and
Zhao (2020), comparing different settings by

o Marginal likelihood integrates out parameters from the likelihood a priori,

addresses parameter uncertainty, and

o Different settings for g:

i Draw g from the Beta dist. The prior means of q is set to 0.1, 0.5 and 0.9.
ii Fixed g at 0.1, 0.5 and 0.9. (Investor perspective)
Noted that the inverstor believes the sparsity level should be fixed at some

values # the estimated model would have the same sparisy level.

° from Gibbs samples, following Chib (1995).
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Data Generate Process:

® po, p1, B0, B ~ N (0,7%), where 4> ~ G (20/2,1/2)
o f. ~ N (0,0.25%)

o Generate expected return by using 5 calibrated chars and 3 factors:
Elrie] = po + pazie—1 + Bof: + Bui[f: ® zi1-1]

o Use Signal-to-Noise Ratio (= 1) to calibrate the return and obtain r; ;.
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Simulation

Our method can identify the useful (“true”) characteristics.
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o Dataset
@ In-sample performance

o BayesIPCA and IPCA

o BayesIPCA: Test alpha
o Sparse BayesIPCA

o Is there sparsity?

@ Time-varying sparsity
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@ 1980-2023 monthly observations of U.S. stocks.

@ 20 z; firm characteristics (Will be expanded to 60).
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BayesIPCA and IPCA

BayesIPCA has a similar pricing performance as IPCA

Number of factor

1 2 3 4 5

Panel A. Total R?

IPCA 50.29 69.84 78.43 81.04 8211

BIPCA 48.94 68.40 77.57 80.20 81.25
Panel B. Pred. R?

IPCA 0.39 0.28 0.21 0.24 0.24

BIPCA 0.38 0.24 0.17 0.17 0.20
Panel C. CS R?

IPCA 39.86 5199 57.05 61.14 6255

BIPCA 49.04 48.32 56.93 56.89
Panel D. TP. Sp

IPCA 0.36 0.38 0.95 0.96

BIPCA 0.75
Panel E. Uni. Sp

IPCA 0.36 0.06 0.14 0.14

BIPCA 0.49
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BayesIPCA: Test alpha

fie = 10 + p12ie—1 + Bofe + Pi[fe ® zir—1] +€ie.
ﬁ(li,t—l)ft

o Testl: Test each po, p1,i,i =1,...,L

o Test2: GRS test Gibbons, Ross, and Shanken (1989) on (o, t41)-
For the in-sample case, K (the number of factors) from 1 to 5, we

° the null hypothesis p; = 0 in Testl

° the null hypothesis pt = 0 in Test2

= There exist some components of returns that cannot be explained by

and/or
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Sparse BayesIPCA: Is there sparsity?

Posterior Mean of g in Models with Different Priors of Log marginal Ilh for Each Model by Number of Factor
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Sparse BayesIPCA: Is there sparsity?

Number of factor Number of factor
1 2 3 4 1 2 3 4
Panel A. Total R?
q prior 0.1 48.94 68.39 77.56 80.16 q=0.1 48.92 68.39 77.55 80.14
q prior 0.5 48.94 68.39 77.56 80.17 q=0.5 48.94 68.39 77.56 80.16
q prior 0.9 q=0.9
Panel B. Pred. R?
q prior 0.1 0.38 0.22 0.18 0.16 q=0.1 0.38 0.22 0.17 0.15
q prior 0.5 0.38 0.22 0.16 q=0.5 0.38 0.22 0.17 0.16
q prior 0.9 0.18 q=0.9
Panel C. CS R?
q prior 0.1 51.40 46.65 53.83 q=0.1 50.94 46.22 53.95
q prior 0.5 4159  51.45 53.89 q=0.5 4224 5126 4654  53.68
q prior 0.9 41.46 46.66 q=0.9 41.46
Panel D. TP. Sp
g prior 0.1 0.80 1.03 q=01 0.79 1.02
q prior 0.5 0.39 0.51 q=0.5 0.39 0.51 0.80
q prior 0.9 0.38 0.51 0.81 1.03 q=0.9 0.39 0.50 1.02
Panel E. Uni. Sp
q prior 0.1 0.52 0.33 q=0.1 0.51 0.32
q prior 0.5 0.39 0.32 0.33 q=0.5 0.39 0.32 0.51
q prior 0.9 0.38 0.31 0.52 q=0.9 0.39 0.30 0.31
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Another Perspective: Construct Sparse Models

For all possible combinations when select i chars. from 20 chars:

select max(200, Cly) combs., calculate Total R?, and take the average.

Selected Prob.
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e 10

Use 70% chars.
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Time-Varying Sparsity

q Posterior

Prior mean of g = 0.1

Prior mean of g = 0.1
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@ An important research problem: Are the asset pricing models sparse?

@ A new approach, the BayesIPCA Model, combines the Bayesian framework of

factor estimation and the characteristics-based model (IPCA).

o An important extension for considering the spike-and-slab prior while

estimating the conditional latent factor model.
@ Based on our method, we can identify:
o The whole sparsity level of the asset-pricing model
(during the whole period / specific regimes)
o The importance of each characteristic
(during the whole period / specific regimes)

e --- The redundancy of the test assets
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Thank you!



Technical details



Evaluation Measures

N T ~ 2
Doic1 2op (Fie — Tie)

Total R2 =1 — N = ’
Sy 20 (e — MktRF:)?

where e = fi(zi,e—1) + B(zie—1)fe.

ZI{VZI Etzl (rije — E,t)2
Sy S (e — Aviere)?

where 7 = pi(zie-1) + B(Z,"t_l)Af, A is the factor risk premia estimate, and

Predictive RZ =1 —

)

AMKktRF IS the mean of market excess return.

2
N T; ~
S (3 20— 7o)

v (% ST re — MktRFt)

Cross-Sectional R> =1 —

I

where e = fi(zi.c—1) + B(zie—1)fe.



APT factors

F(R| . 8,%) = / F(R.F | , B, S)df



Gibbs Sampler

The full posterior is

thetiood H {(2;%)
)

L
prior on p; X H

z 1
exp (—272 (Ri—wil)T (R — Wir)>:|
I

B
I K 1 2 21k _,B
prioron B; X I I | I {(2 ! 2) : exp (7 Bl”;)] [5(51,I,k)]1 1,k

prior on o, Bo X

prior on z",2°% g x

e 1 (@)r(®)
N A/2
“ S B/2 B
prior on 0'1-2,"/2 X 1}(0?)75171 exp (‘ﬁ) X (r(/A}2) (’)’2)7A/271 exp (‘72’}/2)

prior on 52

(D/Q)C/2 2\—C/2—1 D
X F(c/2) €) exp <7—>



Gibbs Sampler

For BayesIPCA-sparsity case:

o Sample p( | z,07,77, &%)

Sample p(o7 | z,T)

[~}

Sample p(z | 0?,7%, €%, q)

Sample p(v* | z, fi1, B1)

Sample p(q | z)

Sample p(&% | o, Bo)

where [ = (Mo,ﬁhﬂo,,él), ” means the selected variables.



Review: Bayesian APT (Arbitrage Pricing Theory) Factor Model

Geweke and Zhou (1996)
re=p+ Bf + e

or.=(n,:- - ,rn.:): avector of returns of N asset at time t
o p = E[r¢], the expected return on asset.
o “pervasive” factor assumptions:
E[f.] =0, E[f:f]] =1, E(e: | f:) = 0, E[ece; | fi] = =.
o Gibb sampler, draw p, 3 and 2.

o f; and r; are jointly normally distributed.
Draw f conditional on wu, 3, 3 and the data:

() (2 ) (s s )]

E(fe | 1, 8,5, 1) = B/ (BB + X) ! (re — ),
Cov(fe | 1, B, %, 1) =1 - B'(BB + )18



Review: IPCA

Kelly, Pruitt, and Su (2019)

/ U
fit =2Zie-1la + 21T pfe + €t

)

rie = p(zie—1) + B(zie—1)fe +€ie
where  pu(zi+1) = 2Zi ;10 = pazi1

B(zii-1) =2ic1Tp = Br(lk ®2zit-1)



Review: IPCA

Kelly, Pruitt, and Su (2019)

! /
fit =2Zie-1la + 21T pfe + €t

rie = p(zie—1) + B(zie—1)fe +€ie

!
where  pu(zii—1) = Zhe 1Fe = p1zic1

B(zi-1) = Zi e 1Ts = Br(lk ® zie-1)
o Estimate of p1, 31 and f; by optimization:

. min Z (re — ZeoaTpfe — ZeaTa) (re — ZecaT g — Ze—aTa) -
pilasF i

o Method: Alternating Least Square (ALS)

@ Some conclusions:

o Dynamic betas (parameterized functions of observable characteristics)
o Accept u1 = 0.



Bi-sorted portfolio construction

(1) Split the stocks into two groups based on lag me, (the smallest 70% in one
group and the largest 30% in the other). Then, further divide each group
into three categories based on the ranked standardized characteristics,

specifically within the intervals of -1 to -0.4, -0.4 to 0.4, and 0.4 to 1.

(2) Apply value weighting within each decile to obtain weight char. and
returns. = 2 x 3 x 10 = 360

(3) Standardize the characteristics in the cross-section into Uniform[—1, 1].
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