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1.1 Optimization

1.1.1 Optimization model

Choose the best solution under some constraints

R f(x) 2R gi(x) 22— REL, hj(x) 2R, A —
LA a)

min f(x)
X
stt. gi(x) <0,i=1,...,p P)
hi(x)=0,j=1,...,q
HRARE: x € R"

HAReR%L: f(x)
YR gi(x) <0,hj(x) =0, If p = ¢ =0, then (P) is called an unconstrained optimization

problem (JCAPRLALFET)

min—-2x; —3xx1+2x -8 <04x1—-16 <04x, - 12 <0 —x1,—x, <0

AL, RO MR BB, A LA )

1.1.2 Convexity "%

Convex set
Suppose that S € R" and for any given ({F&E%Z5%E) x', x> € Sand A € [0, 1],we must have

A+ (1-x%es

VO T O

Non-convex
Convex

A ANERA A, TR R i s SO AL AL



1.1.3 Optimality conditions g {11 5% 1

R BE AR BRI/, LA, Gradient B

Z JUPR ) — R34 S

Hessian matrix {25545
ZICERE ek S5 B

Vi f(x) =

Vfx) =

[ 0%/ (x)

Oxf
2 f(x)

0x20x1

0% f(x)
ﬁxnaxl

6X1
9f(x)

axz

9f(x)
| Oxn

2’ f(x)

6X16XQ

0*f(x)
6x%

0% f(x)
axn0X2

BERER 7 160 T, SUBBEER TR F T ).

Taylor Expansion
Univarite (—Z4E5HTF) -

Ax FIRMHTH x°0 SAEBTIRER — sy

7 (xo + Ax) - f (xo) +f (xo) Ax + %f” (xo) A2+ 0 (sz)

Multivariate (Z4EEHT) -

f(x°+Ax) :f(x0)+Vf(xO)TAx+

FF%Jj M) Descent direction

2

X R JT I d € R" such that V£ (x*)'d < 0
Steepset descent direction Fx i | & k:

P

[ 9f(0) |

1
—AXTV?f

2f(x) ]
0x10x,

9’ f(x)

0x20x,

9*f(x)

ox2

FEP+Ax) - FO) 2 VT <0

FITDA f (x0+ Ax) SE/IN, B Ax 5 T4REE , T LAFRATTUE R By 1)

MR WNEK.

6]

(2)

(x°) Ax + 0 (AT Ax)

o ATLATE R 7 T il Il —



d=-F) N s Y Y () <0

R A FER AR AT AIN IE B A, KIS R 1. BURR IR — s BT e mT
FEARERET E o AR N vk il AR TR X PR AS BE R IR — i, 450 il hessian JiF%

T E

Newton descent direction 2 ik (=i K& 1H]) -

Vi)t £0
[V2f (x9)] " >0

d:-—[v%f(ﬂﬂ]_IVf(xﬂ -—»-—Vf(x%T[V%f(xﬂ]_IVf(xﬂ<<0

VAR P (IE S 1 ) B T _E 07 UBR B o DR ORI AR P IR A 1, BT PA V f ()T [ V2 f (XO)]_l Vf(x)
e IEE IR AL,

WERA LR, OB TR Ry R A5 — Tt nT AR 1. (R BAf I 2 RUP)
R, ERIEAE RN T a AR R — T T AR LA )

TERXA—B B — oz B — ARk . 4Rk s — s e . Bk, 2
VPR SIBREE, 25, RIEMUIA Hessian 40 [

First-order optimality condition, FOC, Unconstrained optimization problem :

If x* is a local optimizer to (P), then
Vi(x") =0

If (P) is convex, then it is also a sufficient condition for the global optimality.

XA TE AR, x 2L R (P) 1Y RyiB die LA I3 IR A —E R V f (x7) =
0o WERAN O, E—@n DARE]— A FEedr i (SRR ). W07 AR AT PA) s 32 (P)
R, A ke sE I E AR

% F- 2 AR AR A )
TREHEA LR (blinding)

Denote
I(x") ={i|lgi(x")=0,ie1,2,---,p}

IET g (x") = 0 RGN [(x"), HARIAE, PIHARARA LR



Feasible direction n[ 47 Jjn] of x* : d € R" such that
Ve (x)Td <0,i € I(x*)

and

Vhi(x)'d=0,j=1,2,--.q.
ik =R T IR -
g(x*+Ax) — g(x°) » Vg(x*)'d < 0

FERE g(x%) =0, WA
g(x? + Ax) ~ Vg(x")Td < 0

h(x° + Ax) = h(x°) ~ VA(x")Td = 0

R h(x") =0, N4g:
h(x°+Ax) ~ VA(x)Td < 0

G TRIT AT, —EEARE, WA IR .

Vi@aHTd <0
d: Vg (x)'d<0,iel(x*) {=¢— optimality condition
Vh (x)'d=0,j=1,2,....,q

AT s AERXA T B, ALER AT ¢ /AT TR MINER. XMEAEH
H bR R E B EE LIRS 2 . Q2R ¢ B2, BIRECEBI T () S,

¢ 2235, FhN_E Slater condition, ZE4) T N AR KKT £&44:. (A0S AHn Slater condition,
I fx) B FE R — 2401 BEATRCA 0)

Kuhn-Tucker condition: If x* is a local optimizer to (P), then there exist 4; > 0,i € I(x™)
and y;, j=1,2,---,q such that

q
V) + > Vg (x) + ) uiVhi(x*) =0

iel(x*) j=1
If (P) is convex, then it is also a sufficient condition for the global optimality. (need some regular
condition, e.g. Slater condition) 4112 (P) @iMKY, APAE W4 mi ik sem &1t
G BLATIT, T AA L, BIa0 Slater £50F . B R ABEIE R LT XK/ 2
FEoRAFRF, AT ED)

10



Bl § € I(x*) @EWE RBUHRZEAENN (Br) AEXLL4H.
Slater condition: the feasible set is convex and 3%, g;(X) < 0,i =1,..., p.
M 224k equivalent formulation:

p q
VG +) A4V (x) + Y puiVhi(x*) =0

i=1 j=1
Aigi (x*):O,/liZO,i:I,2 ..... p
H FR BRETI RS B AT DA R A 2T BB B bR A
A8 (x*)=0,24,20,i=1,2,..., p R HAMA M. MY TAEHIAR (gi(x) >0) I
I 4 57T 0.

11



1.1.4 Duality %%

Lagrange functon:

n q
L(x, A, p) = )+ ) Aigi(x) + Y pihj(x)
i=1 j=1

A, w: Dual variables / Lagrange multipliers

Dual function:
g(A,p) =min L(x, 4, ) (2 20)

A A Y H X R R RIS BRECERRIROR, B i, S — A X
JLTFEFR—2EIL

Convexity Xt )& ™ PE: Dual function g(A, u) is a concave function even when (P) is
not convex.

Can be proved by definition easily (if — f(x) is convex then f(x) is concave)

Lower bound: Dual function yields a lower bound to the optimal value p* of (P). Xif{H ] &t
A] DA Jir o) s U AR T 3

For any A > 0, ¢ and any feasible solution X to (P)

n q
D Aigi®) + > pihi(®) <0
i=1 j=1

n q
L(E A p) = f()+ ) Aigi(®)+ Y pihi(®) < f(%)
i=1 j=1

g(A, u) =min L(x, A, u) < L(%, 4, 1) < f(X)

F— N2/ TERNIUNET 0 1yIi, 255/ 0; Inequality holds for any feasible
solution X , thus g(4, u) < p*.

Dual Problem:
(DP) max g(4, ) = max min L(x, A, )
A>0,u A>0,u X
* Weak Duality:Denote p* as the optimal value to (P) and d* the optimal value to (DP). Then
d* < p*.

12



* Strong Duality: If (P) is a convex program . Under some regular condition (e.g. Slater
condition), we have d* = p*. ZEXHB[E] .
2 LI P D ) RO i TP S i T ). AN 2 Slater condition 258X o

1.1.5 Algorithm %3

Basic idea: Search along the feasible descent direction }{53 47 | &[] 23k
Steepest descent method(unconstrained problem// 25f51] 1 FE 2R AL Ak, ) 55 1) e S %8 32%)

« Stepl: Choose initial point x° and tolerance & > 0, set k := 0
* Step2: Compute V f (xk),||V fxk )|| < &, stop, output x¥, else go to step 3
* Step3: Setd* = =V f(x*) GBIy IIfFER Ry 1h]

+ Step4: Compute ¥, such that f(x* + 1,d*) = min;so f (x* +td*), set, go to step 2

Other methods: Newton,Quasi-Newton 2§

»B>h>h

Start point

/

QA2 Apply the descent method to a sequence of parameterized penalty functions (uncon-
strained optimization). ZYH I, AT DAL H AR R B R AN — MBS, AN 2 AT
THEAR K — TR B0k (WF)

Penalty function method(constrained problem)

min Fe, (x) = £ (x) + pe, (x)

with pe, (x) = cx Y0 [max (g:(x), 0012 + % 37, [;(x)]

E{ZST%{/Eiv Ck %@%ﬁ@jﬁé@a Ckg — +00 = x;z — x"

13



idea: Apply the descent method to a sequence of parameterized penalty functions (uncon-

strained optimization).

Other methods for constrained problems:

e Sequential approximations: SQP, Frank-Wolfe, gradient projection,... &M 2 1 s figE 0
MENEE I A RS 751 0K (CGE )

* Duality based methods: primal-dual iteration, alternative direction method(%Z % J5 [n]¥2%),

e Interior point methods P4 5% (convex program): Newton’ s method applied to K-T system,

< MTF AR, NSRRI R TTIR Gt A AR AR KT 25401

Global optimization: non-convex problem X3 b E 8, /B2 KARIE?
idea: Local convexification / approximation + Branch and Bound /) 37 7€ #L %

x* x*

A A
B

x* x*

Xt B RS R B R + BRI 0 AR T AR S ER A A 2R XA )
U SR AR AT AT, AKX AR T E 4 ARSI, IRE WO R T
—ARR BT, RO B, R A LB 4, BIRAEIARE T, A
AEE (230,

14



1.1.6 Conic optimization i:{{ft

SDP 7 Bt — A~ i fb i) 2
(1)LP (Linear Programming)

min ¢! x

st. Ax—-b>0

%F LP (Linear Programming) |5, »] DA BA4EAZYE (Simplex method, Dantzig 1947) #i
N % (Interior point method, Karmarkar 1984 ) #E47415 ., BAATEYETT DA G, F—IKM
RS Ak IR TR PSRBT

(2)Second-Order Cone Programming(SOCP) [ i B Xl
TATAIPAB et i —ioe=, wpie:

min ¢l x

st. Ax—-b>0

Hp, Ax—big— g, A 21, o SR, 52, Ax-b> 0 gt
MNP ERTET 0. WAENMMA 220, Bl z>0,i=1,--- ,n,
WAL SOCP, AT LAE i :

min ¢l x

S.t. AX - b Zs()cp O

Hoh, 2= (2o KT, HHH 2 200 0@ G+ 348+ + 22, <0 1
B, UG ECFRITT A-i F AR TE 0T (G )

— AT 2+ <z e xP+y? <2220

15



y

Q-3 Ji)SOCP [R5y 51k equicalent SOCP formulation

min ¢! x

S.t. AX = b >50cp 0

A9, p0
= (A,b) = |
Al’h bn

min c¢'x

S.t. ||A0x — b0|| <Ax—by

2=z i) 2 2= (D e, ) = \/z%+z§+z§+~-+zi_1 S @ ”ZO” < Zn

(3)Semidefinite Programming(SDP) >} 1F 2 BL X

min ¢l x

st. x\iFi+xo0F+---+x,F, - G Zsocp 0

IR B AR ECR LN, AR S EK left hand side S 1E EHIFE; Fi, Fp, -+, Fy, G are
symmetrical matrices(Ffr DA [ B2 XFRI), y il y). A — B >spp 0O indicates that A — B is

a semidefinite matrix.
Xy
S = (x7y7Z) : ZSDPO
y Z

16



Note: SDP )%} {#if & SDP

@) LR8N Es
LP € SOCP € SDP()

* Interior point methods can be applied to SCOP and SDP in a similar way to LP.
* Many problems can be casted as SOCP or SDP problems.
* Free software CVX

1.2 Applications in Finance

1.2.1 Mean-Variance model ¥J{i- Jj i
1.2.2 Mean-CVaR model ¥j{j-CVaR Ei%l

Varicance is a risk measure. ({F#&HEHEH)

Value-at-Risk (VaR, KG{EH): 2/HJ, a- percentile of distribution of random variable
(quantile based) (a smallest value such that probability that random variable less than or equal to
this value is greater than or equal to )

Conditional Value-at-Risk (CVaR) =conditional expectation that the loss is greater than or

equal to VaR (moment-quantile based)

CVaR, = E [£ | € > VaR, ()]

CVaR 22— XS & & . CVaR minization is a convex program, but VaR may not. CVaR

is a coherent risk measure.
CVaR Ak
X RPURAR R, & REPURMXMBEIAE. ¢ 251ERN—1AE.

17



1.2.3 Dynamic financial planning 250 55 ML X1] (Stochastic programming approach)

/NI RN AR 03, IATE o - E(r) 09T E, S5/ 2R 2Bl £
WRRZAB WG, IBAABERBFRINL, AR HE TR 2B N2 .

Sy EEBR AT KU B AR S LA KU DRSS B TS K

I E PEXT R PR A e B R R

o RABER, YOrHAEEENEA] DA A S AR, BPEEAEE 3R (Capital

allocation decision) FI% 7~ 1E#Edr3k (Asset allocation decision)

o PEARHLEYLR T T A O RS B R RS B e 2H A 2 (R A3

o BEPIRERICR . AEARZ B AR UE SR AR 2 i XU B A B T A

o HAEERE, Ba0nln] AADLTE ERHE MG OL T, B e s MG .

T AHIS LA

o F YO RS I aR HEA RS IR A, AR T XSS 1) o o), 2 M — R

[P

o MR R AR B A PR SRR . BT XU N, A

A U

o N UEZRRY 34T, e im A A .

T H A B RIS

o YiEFRRER 2N, WEEIEEIK, ALY 52 2 R .

o fEPIFEE M. R DT S 85008 B AR E )

o HRRAER AR AR TR TR N R O, R RE TN IS, X T

Ao A AL CAPML.,

18



1.2.4 Proof for CAPM by using Fakas lemma, (%% : link)

5|3 1.1 (Farkas’ lemma). Let A € R™" and b € R™. Then exactly one of the following two
statements is true:

(1) There exists x € R" such that Ax = b and x > 0.

(2) There exists'y € R™ such that ATy > 0 and b’y < 0.

Here, x > 0 means x; > 0 for all i.

X 1.1 (Arrow-Debreu Security). Assume a two-period world: today and tomorrow, with to-
morrow having S possible states. An asset that pays 1 in state s and O otherwise is called an
Arrow-Debreu (A-D) security. Its price is denoted by ¢g;.

For an arbitrary asset i with payoff X; ; in state s, its price is:

Pi=Y qiXis 3)

In a complete market with no arbitrage, Stiemke’s lemma implies that the equation Xq = P

has a solution q > 0. Rewriting equation (3):

Pi = Z CIin,s
s

This states that the price of asset i equals the sum of its state payoffs times the state prices. No
arbitrage implies a positive state-price vector, sometimes referred to as the fundamental theorem of

asset pricing.
Implications Multiplying Equation (3) by the probability x; of state s:
Pi=> X, @)
T,
Define M = fr—z, known as the stochastic discount factor (SDF). Then:

Pi=) mMX;s & P;=E[MX] (5)

N

Dividing both sides by P; yields the fundamental equation of asset pricing:

1 = E[MR;]

19


https://magnushansson.xyz/blog_posts/finance_econ/2019-09-29-No-arbitrage

For a risk-free asset with return R, s (non-stochastic):

| =E[MR,],= 1 =R, E[M],=» —— =R,
[ .= rE[ ]:>E[M] f

Thus, the risk-free rate equals the inverse of the expected SDF.

Asset pricing model From equation (5): P = E[M X]. Using the identity Cov(M, X) = E[M X] -
E[M]E[X]:

1
P=Cov(M,X)+E[M]E[X], o P = R E[X] + Cov(M, X) (6)
rf
Rewriting Equation(6) and dividing both sides by P:
E[X] = PR,y — R, yCov(M, X) (7)
]E[R] = er - erCOV(M, R) (8)

Equation (8) indicates that the expected return of any asset depends on the risk-free rate and

its covariance with the SDF. Expressing this in terms of excess return:

E[R] - R; = —R.Cov(M, R) 9)

Furthermore, multiplying and dividing by Var (M) and substituting back R, s = W,

_ Cov(M,R) Var(M)
Em‘“‘vmm'kmm)

Equation (9) is called a beta pricing model and sometimes written as
E[R] = Ryf = Bm.r - Am,

where Sy g is the quantity of risk in the asset. Note that 4j; does not directly depend on the
individual return but on the first and second moments of the SDF.
The theory of SDF relates several independent asset pricing models, some commonly known
examples are:
* In the CAPM, the SDF is a linear combination of the market portfolio.
* In consumption (micro-founded) models, the SDF is the marginal rate of substitution of
utility today and in the future.
* In Arrow-Debreu pricing, the SDF is a function of aggregate demand.
et
* Fama E F, French K R. The capital asset pricing model: Theory and evidence[J]. Journal of
Economic Perspectives, 2004, 18(3): 25-46.

20



2 Wde- AR R

ri=E(r)+e&
ri=E(r)+m+e;

Hrm ZRGEM, e A MaLm.

2.1 CAPM HEAHE ™ it

FARGEE WA (Capital Asset Pricing Model, CAPM) 2 UG Rl A BORAT . 126t
AT XU 5 A R R R Z TR K R 2t TAG TR T . CAPM 2 B XU %% 7 40
SRS it 22 A Al ) AR R

o BRRHE T R T IR E BRI E Wt 2R k.
o BEAUASFRATTREXS ANAE T3 28 25 1R 97 RO A B A 41T

William Sharpe (1964) , John Lintner (1965) 5 Jan Mossin (1966) Z&fiH T dEH &
B TR o

211 BEARTE e B R

AN

. SRS

o BEERWIMIE, BT R

o HEVEH T DATE 5 1 T8 XU 1) 2 B8 AR 0% A (e 450 B 1 i 7

o HEVREREE TG EE

o B HTT A Markowitz B

o RPN (B0H 2T PriE U R4 1 2501

AAA TR E(ry) —ry = Aoy

SNSRI RIRRR : E () = ryp = S5 [E (rin) = rp] = B [E (raa) = 1]

A AR R G, 5B L S R 9 B AR Ve AL IR — W B S 2 o

B Font i AL &0

LRI 2. 3. 5. 6, BEVEH AR KA Ve =41 At IR — 25 5—AIREE A Ar e i
Ve AT, S ERE?
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2.1.2 CAPM 1™ k&

WAL CML 7y = rp+ 2o, YE2E F 45 RHIH.

i 2.1, Y] A AR5 1 A R e i L

VEWL. B w I8 1, AGE 1 - w TG m S — %4 G, h
LIRS VNCE

P = Wi+ (1 = w)ry,

Ow = \/wzal.2 + (1 =w)202 +2w(l — w)oin

i SHCR R T5IE, WAD:

dr, _ _
Frk
do, W0'i2 +(w =102 + (1 =2w)oim
dw Oy
P H—T
dar,, _ dfw/dw _ (fi_r_m)o-m
dO'W w=0 dO'W/dW w=0 Oim — 0-1121

38 r 5 o B8 XMSEHR T,
ARG AT LM, W

(Fi = Tm) Om _fm_rf
2

Oim — Oy Om
IESE
F=rp 4 g (P =) = B (P =)
m

WHAE ri = Fivei = rp+Pi (Fm — rp)+&ic FH—3R (AL ri—rp = ai+Bi (rm — ry)+&i
FHEE, A A7

— —/ & CAPM, — @ WFiisy, BARER S B 46 R AR T

e, A e BN W A @BE GHE), A tirE e B W0 r,
e fEE R, BT ER e A& TIERGEWTRD, REWHDAE ra BAFET .
Cov({rﬁi%,n’) XA B MITER A R . CAPM hif) B 2@ Xy, Hikw Uk

el R AR Y B T SRR

m

Cov(ri,rm) Cov [(rf +a;+Bi(rm —ry) + &), ’”m] _Cov|[(Birm+e&i),rm] B Cov(rm, rm) s
2 - 2 - — P 2 P
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UEF Y R GERRA BT @ UE S5 T LA e RV 22 A . ry = 30wy

Tim  cov(ry,ri) Z?:l wicov(rj,r;)
Bi=—7 = > = 5

Om Om Om

e, m AR A RS T LA ISR Z A AL, SRR 0,
CAPM [y —A~ i ffi G :
B n ARG, ris-e o Flrpe FATHHARZ

6 _ .
min EwTZw - (Fw+ Worf)s.t. Zl w;+wo=1
1=

Rl 5
min EWTZW —(F- lrf)Tw
HRE D L = wiri+wiry
P R i@, HF.O.C & 6Zw; — (7F — 1ry) = 0, WHIZE—17/2

0 [cov(ri,ri)wi+---+cov(ri,rp)w,] =7/ —ry

dcov(ri, wiri + warp + -+ wpry) =/ —ry

W]
_ E(rm)_rf

Tin

BT y = 2256 5cbs EHUAR RN ), o Bl

E(r,)—r
%Cov(ri, Fm) =71 —7Tf
O-m

CAPM J2 & 5, A A

22 ERErEtie (APT)

WA G BB AL R KU T, AR A AT St 2 2 AR ]

RRALE: AR B HCHRIBURIER 1, XA R AU 0,

HAMETE: FHWH Bpry Bz« (1= Bp1 = Bpo) WHTHFALE 1. WRAAG 2.
W8T TRl rp = E(rp) + Bp1F1 + Bp2F2e BT

FFIIE(I”FI)+1*F1+O*F2, I”FZIE(I’FZ)+0*F1+1*F2
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,
re =B E(rp) + Bp, E(rey) + 15 = Bp rp = Bpor + Bp Fi + By, 2
, Wi oA,
E(rp) =Bp E(rr) + Bp, E(rp,) + 1 = Bp,7f = BpaT'f
=rr+Bp [E(rpl) —rf)] + 0y, [(E(rpz) - rf)]
Z PR E e Hr e i
BRCEAAME UL  iOlcat 2 m A IERI R, anh:

(10)

ri=E(r)+piuF1+BoFr+ -+ BinFn+e

LA AT IR A TR AN
() B R AR TR N S G

Wi W+ w3+ twy =0
(2) B A A AEA PR FAR AT U
WiBL +WoBaj+ - A wnBa;=0,j =1, . m
(3) EMA AR I R RS IE A
W1E(r1) + waE(r2) + - + waE(r) > 0
FIEOAI R (LR -
max E (1) wi + -+ E (1) wh

stwi+wr+wiz+---+w, =0

Briwi +Bawar+---+Buw, =0

Bimwi + Bomwa + -+ Bypw, =0

—ANEATAE: w =0, 2 AR O RS HARECRT 0 Wg?

WA w* WA, A4 kw* WAL ABAXA HARBRECT DABE R . R e H A
KT 0, WIHRATCHHE WA RIS . Bk, TEMSNTA RIS T L&
PLrESEAT

IR R PSR LA (KT 250, S 6 A):
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min—E (rj))wy —---—E (r,) wy
w
stwi+wr+wiz+---+w, =0

Briwi +Bawar+---+Buw, =0

,Blmwl +,82mw2 +-- +,3nmwn =0

HIERHRMIER A -V ) +354;Vhi(w) =0 BE]:

Een| |1 51|
B O R I o Ll ()

B ) P 2l I

E(rn) | 1 ] _ﬁnj_

TFHE Ak 45 E(ri) = Ao+ Bindi + BioAo + - -+ + Bim A, FHoH A PG Z AR —BAAL k
PR KBS A MR, XS /N B Fm e 24

/l():rf

/lj:E(l’pj)—rf,j: IL---,m

HSgid e T I0ht&. iEIraEm B h 0, W Ao =rp. IEBRTHANBZHMY B RO, W A; =
E(rpj)—rs,j=1,---,m
PR A
E(r)=rp+Ba |[E(rri—rp)] + -+ Bim |E(rFm —17)]

2.3 Aixolisiiii EMH
S

2.4 BB
240 ZRAURIE B VaR

VaR B’-J%ZME}V" VaR (Value-at-Risk, XUSHED) : 4@l Ml ity XU B AR A (E2LZE 2R 80
VaR BB E S FEZ B BTN A 8 BAGMRR /KT, 804 & nT RE I s 1Y B K4
K (BT,
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PCRECHHI R E < VaR ) = 1-¢, H ¢ REAEAT (9095 99%)

T A W LEAR RS E A BN M E AR R B f(w), 45 BAR K ¢
(90/95/99%), VaR & L K-

o 4i%f VaR= W*

o fHX} VaR= E(W) — W*
Sof WA N

c= / fw)dw
W

VaR [yl 5

« AESH0k: DiEdE, 2k

< ESEE AT S AR T X AR AR

« S S+ BT R AT A

VaR S5l

WA TG R R, VIR E S Wo, IR ER: W =WO0(1+R). & W* =
W(1+R") 13

1—c:P{WsW"‘}:P{WsWO(1+R"‘)}:P{K < 1+R*}
Wo

. (12)
:P{1+RSI+R*}:P{RSR*}:/ f(r)dr

PRI, Za5%t VaR BITTERT i W B 1-c B9 7 AR R (89 1-c 0 28k (W g BEPLIE
T R, RDAEGHE W 750 -

W* = Wo(l + R*)

FXT VaR: VaR = E(W) = W* = Wo(u — R*) H = E(R).

IE5 A By VaR

MR IESS IS, AT ABE] A2 0 S5 58 . SRR AT DA 58 A it it
b WERARIES AT, IR, e 2498, ARAUOE I RIS A DA

2.5 Beirdl o Mo i

VaR, = ao, Wy = a4 /w’ Z wWy

— PR BT IR AT 2RI 2 3R AU ) o XUz ) 22 -
— M E VaR @R ATER (HE R XN T KSR E), EARMREA—E.
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3 mirdlaEM

3.1 FAIGIERES R 5 AL

© DRMERE A GRS (ME - Ty 2ER)

« LK) CAPM

« D) APT

BB =R ST A EAN BT T UE SR 0 KBS S U R AT, RFIESELY —
AR IS, AR AL, PA—Rhfa BB AL S —— B B, XHREE R
ISR PSR .

Rk FIRAEA (RIS ) 5 BUFGTPEN . QU A3 USRS RS

o FIRPIRESTHIE : R HIR-S M AR KR o

o BUIFR M-S IS & IRIA ARG R E R iz .

311 AR

FIZ PR 4544 (term structure of interest rates)
o T R RSB BR 25
o N E I A R R 254
o FIRBIREEAEE
PRIt 5 10 3 R B 5 B 3RK I O 2R

A B2 BIFE B4

1 L)
Y1
_—
Y2
Y3

FUOIRIA : A R AR ro BEEGTREN
Par

PVZ(1+mx1+my-«1+m)
SO As %
PV = Par
(1+y,)"

= B EGUR R Wt R B RR R AR
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Wi gk (yield curve) : [z BIANIR] 0 o ] A 5 25 0 S SUIAC & 6 5 309 M) i) 6 22 )
£k .

TN B R

-

FI 309399 R
RATE BAESREE, K 2 s R T T S BGRB8 A o 2R 2 T DA
%?Nﬁ%ﬁ%mmmo
—_— Cl + C2 +...+L
14y (L+yo)? (1+yp)T
e C C,
BRI T )
WSS (AR BRI GOSBARA — . 5 ST
T AR
(1 +yn)n = (1+yn—1)n_1(1 +rn)
_ (L+y,)"
P
QNSRRI R R SO f, WA
o (T+y)"
P = Ty

SRS ARSI IR 1% . SRR M PR, TR
S T R

RV ST R ORI ERA S0, IR (1)1 ) = (1 y2)%s
U SUREYE F, 35 AR, TR LB TGN “iﬁ) 2 AT IULETT 42

2

S %MYA%ém%m'ﬂU+m))
R F A, A SR, 1+ BTOL, AR AT

BV B R T R K e, ok

(1+y2)?
1+r

E(

)>1+r
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(1+y2)?
1+ E(rz)

(I+r)(1+ /)
1+E(I’2)

(1+ f2)
1 +E(l’2)

fa> E(r)
T A FPR BT AR U SR fo SEPR_F @ B985 R A R Ja 10 1) 28 7 0 i b 5
K2, WSRO B A A A KR, WEa

>1+r;

>14+r

> 1

E(r2) > f>

TR ZR B NT AU AR R . fo SEBR_ @ R0 X A SR B A 2 A 1) 5

gk

o WIRFRTTH AT, SRR ZR f T R A AR 2 s

o WERFTTE IS, WZSKINE R A r RTmAE £

o E AN 3R AR A T R R S R ) S ) R B T AR 0T R A B RS RS2 R L, LR
PR AATT0 5 25 3 BR A A A o T R IR 45 TR AR R A 35 5 8 LR D i 42 1 3k
frbhigny

PRI SS fa P ie

SRR 5 A G 2 A5 U S (0 27 A 3K 1 6 RIS .

o FiiI{EE (expectations hypothesis): iR & 2 i b LAY IR 5/ 35 . X —FRiBIA
SRIAIE I A R AT T R AN AR SR A R L

* Jiahfts (liquidity preference): ¥t EH A A RBIRIWGE:, A& w6, AL
Pt KI5 55 o« BRI A 22 5 B R AR BN A R Z A — i . REEN W EF
Y ERLE A

(1+y2)? _

1+
1+y1 f2

B RS, £ >
(1+£)*> (1+y)* =1+ H)(L+r1) > (1+r1)?
I DABRFHR U, AN 2R FE, (HAGE/NT f.

1+ 3> 1+y3> (14332 = [(1+ f5)(1+y2)]2 > 1+y,
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3.2 GiFANLG M ERLE

POE MR RN ER 27 YA NHIESE T Bk A XU A AR PRI
« BIRKE

o REERIER

MR R (WG YTM)

3.2.1 BiFAM

R AR IR R B B S ) ST [ AT B S 2R R . Rt A58
JER) R S bR IR . BB UL, R iR SR AR I (AR i 2 KR
BOFEE, WA GRS HIR, e mir A SRR .

o TEEGTR: T WIRECA S EIEALR,, S0 5L bR IR i i 2 R

(duration is equal to maturity for zero coupon bonds),

o BIEGU: BT EERRINZ AT, AEE S SO ESEALE,, A 5 25 i S B ) R 4

__ G @ .S
L+yr (1+y2)? (1+yn)T
Ly=yi=y2=-=yr (b LB T/KFIEIS R RIhL), G-
p- G & G
L+y  (1+y)? (I+y)7
XAEI A, AUCRREX — GRS, A—Ed T HAB G . FATHEIER & M2
AN TR B A 28 5 S ot o () B A e 2R AE R A B 5~ A4 7T PA

dP 1 dP 1 1d%pP

x——dy+— - ———(dy)?
P PP g @) 13

1
=-D*dy + Ec(dy)2

d7P RO A e, W RIME IR A SR AR A AR A 20 U IS A S
K, SRR AR ABAEURR . FIARAAL S G B (i S BT8R B EE AU R AT 28
TN B IE BN e AEHA AR R, AT % e e R 5% . bk, YTM BTt
BRI TR (R, YTM R R, GEriirs LI AR
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3.2.2  JETF N-S P BRI " PE ey

N-S f 2k fhiT i ai R £, 2B Y. the Nelson-Siegel model of yield to maturity

can be represented as:
m
l—e~

r(m) = Bo+ (Bi+B2) —5— — Pae” "

T

where mis Z|#] H .
FEFPRMZ (FIRAE) FIAERE R Bo. Biv Ba HZEAL.

3.3 [EHFA A4 Bl——CreditMetrics Jj 7

ORI DL A PP A M R 2 %0 5

REL G R IR A 2

I8 Bk E Sab g, BB G IR G AR 4. I AR 2N B R
MRMER . GiFE IO B G AT A T A a i ER B G221 db—2 4, ATPA
IR 2 B BRI ER G224 -

3.3.1  fEHINESI IS A 2

{5 AR (Credit Risk): H1 %75 R RE 234 HAG S5 1M1 RS04 25 9 JRURS: o
i P AU 78 B B B B T3 KU S IR
TR AU JE R 2 A %

* fE S

o iR

3.3.2 CreditMetrics

U
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4 FrEO b B A

4.1 WL A4

R, WERERMTEEME T, IBAEARRE I REIEAUE M A, O R BE
BT .

JOBLIRGY - R R

gpak: (1) AIDAEHEATEMEE (2) ATRAR AR Y

B-S A A

(1) et (LIEES)

(2) DU
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Jo =8(So)
fi = 8(S1) = 8(S0) + 8'(S0)AS;
Afi = g (So)AS;
aAS; + BAf; = aAS, + Bg' (So)AS;
(3) Efr

4.1.1 B-S AT

B RTRATE N
JUmTA s s -
Stanr = Ste((#_%o-z)AHO'SN(O,I)\/E)
Hrp e A N(0, 1) HIBRMETE A5 407 o
HL{kH,

g=a+be N(a,b?
Hra= (u - %0'2),b2 = o?At

S t+At

In ~ N(aAt, b*At)

t

A AR MBS B RIS 7311 7

Sr\ _ St Sr-1 Si) _ St Sr-1 Sy
In(—|=Ih|——F——|=In|—|+In|—]|+ - -+In|[—
So Sr-181—2  So St-1 St So



LR AR RS R AR ST A AT, (ST aaT oL, B R
84 am(%) <N (0.9, TF4

S
In (—T) ~ N(T6,Ty?)
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S, AR R ISR A HEE, AIRE DURIEIE RIS, Bl
RICEEEEE, ESERE A, POAA—ERMALR . BEdERE, SR
JRE 2t

4.1.2  BEHLEFEHIR
BEPLERE =R Jainid e, SIRERE. filizsh.
ZyEmE], e YRR A A, BRI,
FARE R
s A BEILERE W, FERUINITE] RIS Ar Z AR AW, dsR
LWo=0
2. BRI HEEN AW = ¢ Bl

e~ N(0,1) = AW ~ N(0, VAr)
3. FEAT BEAE AN ) B P T i 2 o AW 2 ST 1)
TIFR W, (12 840G Wiener (4E4Y) i REoi 7 Bz 3 .

PERR:
Wiener i (KIFRIEE ) 193G, FF [0, T] #5FEERE N 5593

N
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i=1

T —_—
At
AWy ~ N(0,VT)

AR H, AWr B2 BT IR 2506 T, Fx
dW = adt + beVdieVdr (At — 0)
IARHELE AN AR SRR AR A B2 2 .
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SN ds = adt S bdW S adt + bdW

AN

t t t

B BT AR R WIS,
Ty 2ER s IR N AR B WO
— AR R FR
dS = adt + bdW = adt + beVdt

Nk Wiener 1. H dW gprifE4EgidAE .
EE (PR a
hEF (ERAEL): b

AR
AS = aAt + bAW = aAt + beVAt
4.1.3 Tto 5|Hg
—BE LT AU a Fl b FARAIBENLAS & S A 3¢, BIgiARA Tto (GH%) i RE A BEVLIR A
7% SDE.

dX = a(X,t)dt + b(X,t)dW

Wl a, b 2 X 5t K%L
X; se— M YEANEAE We ISR To i AR, B

dX = u(X,t)dt + o (X, t)dW

FX,0) X 5B f(X, 1) BERRAELL df (X, 1) 20 (BEAL) 288 2 2R
BT SIBGE ST (HIBUE R ek L)
HLAARH -
F(X,y) aRnl g, AR4,

df (X,y) = fu(x,y)dx + f,(x, y)dy

B, s X e
dX = u(X,t)dt + o (X, t)dW
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8 (AX)* FOAERTA T, A

af af 19%f o2 of
af = Y ar Taaxe” |t gx oW

W2 fWid—A Tto . FIRHSEHZICS . Tto 5IFHSHE WA i 8 BE R HHERY
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s¥ > | Blak 5> X
wims <— [ Box | o |

in: CAPM
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M= EZW

A po SETGEENAT R (ifh) , FHERREENEER (W4E), " ARIERREN
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